1. The Defining Series. Let F(x) denote any positive measurable function of n variables defined over a measurable point set 5. We shall use the sign ô to denote either a point set or its measure, and the signf S* to denote ô diminished by a nul-set or to indicate that a property holds almost everywhere (presque partout) over ô. Now write
(1) *(«) = £2^(8) = Lim £ 2^(8),
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where <f>i($) is the measure of all those points Ei of ô for which F(x) 9 expressed in the binary scale, has unity in the ith place, it being understood that F(x) shall be always expressed in closed form when possible (or else never so expressed), in order that the representation shall be unique. If F(x) is limited, it is evident that (1) will converge uniformly over ô. If F(x) is not limited, (1) may still converge; if it does, the convergence is necessarily uniform. In that case F(x) is summable over ô, and we shall indicate the sum of the series by J*F(x), the Lebesgue integral of F over S. The integral is definite or indefinite according as we regard ô as fixed or as variable. In case F(x) is not always positive, set, as usual,
and this difference may converge even when the separate series diverge, if i and j become simultaneously infinite in a suitable manner.
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Fix) is not summable at x = 0; but if from the interval (a, x), a < 0, x > 0, we remove the interval 2e symmetric about the origin, the integral (2) will exist over the remaining domain and will be equal to x sin (I/o:) -a sin (1/a). A similar procedure can be applied where Fix) has a countable set of non-summable points, and is the derivative of a continuous function.
Let 7] denote a set of infinitesimal hyperspheres about x, a point of 5, as center. We shall show that
exists over 5*. Since this is a point-function we shall use the argument x in the limit. Lebesgue has shown in his metric-density theorem that for the measure functions 4>% the limit (3) 
over 6*, the series converging uniformly over 8. Theorem B can be extended by means of Vitali's covering theorem to any summable function, but we shall not stop to give here the details of the proof. The convergence of the series will be uniform over a set 5i differing from ô by as little as we please.
3. Fundamental Theorems. It will be readily seen that the following fundamental theorems follow at once from (1).
(1) The mean value theorem for integrals.
(2) The theorem that f J + fj= f h+ J, where Si and ô 2 have only a nul-set in common.
( DE FRANCE, vol. 43, p. 165; or Hobson, vol. 1, p. 295. 
